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Abstract: We consider a two-person zero-sum differential game in which a motion of the
dynamical system is described by neutral-type functional-differential equations in Hale’s form
and the quality index estimates a motion history realized up to the terminal instant of time
and includes integral estimations of control realizations of the players. The formalization of the
game in the class of pure positional strategies is given, the corresponding notions of the value
functional and optimal control strategies of the players are defined. For the value functional,
we derive a Hamilton-Jacobi type equation with coinvariant derivatives. It is proved that, if a
solution of this equation satisfies certain smoothness conditions, then it coincides with the value
functional. On the other hand, it is proved that, at the points of coinvariant differentiability, the
value functional satisfies the derived Hamilton-Jacobi equation. Therefore, this equation can be
called the Hamilton-Jacobi-Bellman-Isaacs equation for neutral-type systems.
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1. INTRODUCTION

The paper is devoted to the development of differen-
tial games theory (see, e.g., Isaacs (1965); Krasovskii
and Subbotin (1988); Osipov (1971)) and the corre-
sponding Hamilton-Jacobi (HJ) equations (see, e.g., Sub-
botin (1995); Crandall and Lions (1983); Clarke, Ledyaev,
Stern and Wolenski (1998); Lukoyanov (2000, 2003)) for
functional-differential neutral-type systems.

For a dynamical system described by neutral-type func-
tional-differential equations in Hale’s form (see Hale and
Cruz (1970)), a two-person zero-sum differential game is
considered. The optimized quality index of the control
process consists of two terms. The first one estimates the
motion history realized up to the terminal instant of time.
The second one contains an integral estimation of control
realizations of players. Within the game-theoretical ap-
proach of Krasovskii and Subbotin (1988); Krasovskii and
Krasovskii (1995), the differential game is formalized in the
classes of pure positional strategies (see also Gomoyunov,
Lukoyanov and Plaksin (2017)). Basing on the notion of
coinvariant derivatives (see Kim (1999)), for the value
functional of this differential game, a HJ type equation is
derived. The main difference between this equation and the
HJ equation for retarded functional-differential systems
(see Lukoyanov (2000, 2003)) is the presence of a new
term. It leads to difficulties in the analysis of the derived
HJ equation and motivates its study. It is proved that
a solution of this equation, satisfying certain smoothness
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conditions, is the value functional of the initial differential
game. Moreover, it is shown that the players’ strategies
constructed by the extremal shift method in the direction
of the coinvariant gradient of this functional are optimal.
Using an appropriate notion of characteristic complexes
(see, e.g., Subbotin (1995); Lukoyanov (2000)), it is proved
that, at the points of coinvariant differentiability, the value
functional satisfies the derived HJ equation. Thus, by
analogy with Krasovskii and Subbotin (1988); Subbotin
(1995); Lukoyanov (2003), this equation can be considered
as the Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation
for neutral-type systems.

2. DIFFERENTIAL GAME

We consider a two-person zero-sum differential game
for the dynamical system described by the neutral-type
functional-differential equation in Hale’s form

(ol = gl )) = Flemblulel ol
t € [to,d], =z[t] eR™, wu[t] €U, oft] €V,
and the quality index

v=a@@b+[iﬂawuwmﬂﬁnﬁ. 2)

Here ¢ is the time variable; z[t] is the value of the state
vector at the time t; tg and ¢ are fixed instants of time;
t« € [to, V] is the instant of the control process beginning;
h > 0 is the delay constant; x;[-] is the motion history
on the interval [t — h,t] defined by =[] = =z[t + ¢,
& € [—h,0]; ult] and v[t] are control actions of the first



and the second players, respectively; U and V are known
compact subsets of finite-dimensional spaces. The first
player aims to minimize the value ~ of the quality index,
while the second player aims to maximize it.

Below, we denote by || - || and (-,-) the Euclidean norm
and the scalar product of vectors, respectively. Also, we
denote by Lip = Lip([—h, 0], R™) the space of all Lipschitz
continuous functions from [—h, 0] to R™ endowed with the
supremum norm || - ||oo. For a number v > 0, we define

D, :={wl[] € Lip: Hw[]”oo <v,
|wl€] —wle"|| < v|¢' = ¢"],€, "€ [h, 0]} (3)
Note that D, is a compact subset of Lip.

A pair (t,w[]) € [to, V] x Lip is called a position of system
(1). The set of all positions is denoted by G = [tg, 9] x Lip.

It is assumed that the mappings g: G — R™, f: G x U x
V= R" o:Lip— Rand x: GXUxV+— R from (1), (2)
are continuous and satisfy the following conditions:

(g9) There exists hg € (0, h) such that, for any v > 0, there
exists Ay > 0 such that

lg (¢, wl) = g (LDl

< )\g<‘t — 7'| + max
g€[—h,—ho]

for all (¢, w[]), (7,7[-]) € [to,¥] x D,.
(f) There exists oy > 0 such that

£ (& wl] w )| < ap (14 [Jwl]l)
for any (t,w[-]) € G,ueUandv e V.

lwié] - riel]])

(f,x.1) For any v > 0, there exist Ag, A, > 0 such that
(el ) — £ (et o)]| < Agljwl] o]
x(twl],u,v) = x(t, 1] u,0) | < Aflwl] =[]

for any (¢,w[-]), (t,7[]) € [to,9] X Dy, u € U and v € V.

(f,x-2) For any (t,w[-]) € G and s € R", we have

min max ((f (6wl u,0). ) + X (6wl ], u,0))

= nvleaéczneiﬁrjl <<f(t,w[~],u7v),s> + X(Lw[-},u,v)).

Let an initial position (., z.[-]) € G, t. < ¥ be chosen. By
admissible control realizations of the first and the second
players, we mean measurable functions u[]: [t., ) — U
and v[-]: [t«, ) — V, respectively. Under the conditions
above, following, for example, the scheme from Filippov
(1988) (see also Hale and Cruz (1970)), one can show
that such realizations uniquely generate from the posi-
tion (ts, z«[]) the motion z[]: [t. — h,¥] — R™ of sys-
tem (1) that is an absolutely continuous function which
satisfies x; [] = x.[] and, together with u[-] and v[],
satisfies equation (1) almost everywhere on [t.,d]. The
triple {z[-], u[-],v[-]} is called a control process realization.
Note that this control process realization uniquely defines
the value of quality index (2).

According to Krasovskii and Subbotin (1988); Krasovskii
and Krasovskii (1995) (see also Gomoyunov, Lukoyanov
and Plaksin (2017) for neutral-type systems), differential
game (1), (2) is posed as follows.

By a control strategy of the first player, we mean an
arbitrary function U: G +— U. Let us fix an initial position
(t,z[]) € G and a partition of the interval [t.,¥] :

As = {Tj! To =14,0 < Tj—Tj—1 <4, = H;Tl = 19} (4)
The pair {U,As} defines a control law that forms a
piecewise constant (and therefore, admissible) realization
u[-] according to the following step-by-step rule:

ult] = U(ry, o7, []), t€lmme), §=0,1-1 (5)
This control law together with an admissible control re-
alization v[] of the second player uniquely generate the
control process realization {z[-],u[-],v[]]} and define the
value v = y(ty, 2« [-]; U, Ag; v[-]) of quality index (2).

The guaranteed result of the strategy U is defined by
pu(te, 2:[];U) = lim sup supy(t., z.[}; U, As; v[]). (6)
00 A5 wf]

The optimal guaranteed result of the first player is the
following value:

(e [) = inf pu (e, [ D). (7)
A strategy U° of the first player is called optimal if
pu(ts, 2 [1:U°) = py (B, 2l ]).
Similarly, with the corresponding changes, for the second

player, we define a control strategy V: G — V, control law
{V, As} that forms a realization v[-] by

U[t] = V(Tj7x‘rj['])v te [Tj’TjJrl)v
the guaranteed result of the strategy V

po(te [ V) = lim inf infoy (b, 2 [ ul[; V2 Ag), - (8)

and the optimal guaranteed result
po (e [ ]) = sup py (te, 2] V). (9)
A strategy V° of the second player is called optimal if
po(te, 22 [1;VO) = pg (te, 2 [])
Due to definitions (6)—(9), we have
pf}(t*vx*['}) < pvi(t*ax*['])a (t*vx*[]) €G. (10)

If the equality p°(t., z.[]) := p3 (b, 2z []) = p3(ts, 2 [])
holds for any (¢, z[-]) € G, then p°: G — R is called the
value functional of differential game (1), (2).

j=0,1-1,

One can show (see, e.g., Krasovskii and Subbotin (1988);
Krasovskii and Krasovskii (1995) and also Gomoyunov,
Lukoyanov and Plaksin (2017)) that the value functional
p° is continuous and has the following properties:

(p.1) The following equality is valid:

p° (9, z.[]) = o(2.[]), a.[] € Lip.
(p.2) For any (t.,z«[]) € G, t* € [ts,¥], € > 0 and
any admissible realization v[-], there exists an admissible
realization w[-] such that, for the corresponding control
process realization {z[-], u[-], v[]}, we have
o
PO(t*,xﬁ['])wL/t X (& wel ], ulg], vl€]) A& < p° (b, ] ]) +e.

(p.3) For any (t,z.[-]) € G, t* € [t,,¥], € > 0 and
any admissible realization u[-], there exists an admissible
realization v[] such that, for the corresponding control
process realization {z[-],u[:],v[]}, we have
o
(¢ i)+ [ (€ el ule) vl€) d 2 () e
t

*



Note that, for similar differential games, the questions
of existence of the value functional and players’ optimal
strategies are considered in Gomoyunov, Lukoyanov and
Plaksin (2017); Gomoyunov and Lukoyanov (2018).

3. HIBI EQUATION

Let (t, []) € G. Denote

X (t,w[]) := {«[] € Lip([t — h,9],R"™): &[] = w[]}.
Following Kim (1999); Lukoyanov (2000), a functional
v: G — R is called coinvariant differentiable (ci-diffe-
rentiable) at a point (¢, w[-]) if there exist d;p(t, w[-]) € R
and Vo(t,w[]) € R™ such that, for any z[] € X (¢, w[]),
the following relation holds:

p(r,2-[1) — o (t.wl]) = dep(t, wl) (7 — 1)

+ (0] — wl0], Vo (¢, w[])) + o(r —t), 7€ [t 9],
where o(7 — t) depends on the choice of the instant ¢ and
the function z[-], and o(r—t)/(7—t) — 0 as 7 — ¢t+0. The
values Opp(t, w[-]) and Vo(t, w[-]) are called ci-derivatives
of ¢ at the point (¢, w[]) (also, V(t, w]-]) is called the ci-
gradient of ). One can show uniqueness of ci-derivatives.
Similarly, a mapping G 3 (¢, w[-]) = ¢ = (Y1, ..., ¢,) € R®
is called ci-differentiable at a point (¢, w[]) if the function-
als ¥;: G — R, i = 1,n, are ci-differentiable at this point.
In this case, we denote

0rp(t,wl]) = (@ron (t,wl), -, Oeton (£, w[]))
Vit wl]) = (T (b wl])..... Vi (£, w])).
By the mapping ¢ from (1), we introduce the set
G. = {(t,w[]) € G: g is ci-differentiable at (¢, w][- ])
and Vg(t wl ) = 0}

The lemma below establishes some ci-differentiability
properties of g.

Lemma 1. Let (ty, z.[]) € G and z[-] € X (t«, 2«[-]). Then,
for almost all t € [t., V], we have (¢, z:[-]) € G, and
Oug(tsal]) = 5 (o(t. 1) ). (12)

Proof. By (g), the function alt] := g(t, z¢[-]), t € [t«, V],
is Lipshitz continuous. Therefore, it is differentiable for
almost all t € (¢,,9). Let t € (t.,9) be such that da[t]/ dt
exists and y[-] € X (¢, z¢[-]). Define

0(t—t) := g(7, y-[]) —g(t, 2e[]) —(r—t) dalt]/ dt, T € [t, ]
From (g) it follows that

9(r.y-[]) = 9(r,2-[]), 7€ [t,min{t + ho,V}].

Hence, we have §(7 —t)/(7 —t) — 0 as 7 — t+0. It means
that the mapping g is ci-differentiable at the point (¢, z:[]).
Further, by uniqueness of ci-derivatives, we obtain the
inclution (t,z:[-]) € G« and equality (12). [ |

For differential game (1), (2), we define the Hamiltonian
H(t,w[-]7 s) = meinmax ((f(t,w[-},u,v),s)

U veVv
+X(t,w[-],u, v)), (t,wH) eG, seR" (13)

and consider, for a functional ¢: G — R, the HJ equation
+H(t,w[-],V<p(t7w['D) :07 (tvw[]) € G*v (14)

with the terminal condition
e (0, wl]) = o(wl]),

The main difference between equation (14) and the HJ
equation for retarded functional-differential systems (see,
e.g., Lukoyanov (2000, 2003)) is the presence of the term
(Org(t,w[]), Ve(t,w[-])). Since this term is well-defined
only for (¢,w][-]) € G., equation (14) is also considered only
for (t,w[]) € G.. Nevertheless, a solution ¢ of problem
(14), (15) should be defined on the whole set G.

wl-] € Lip. (15)

4. OPTIMAL STRATEGIES

Let us consider a functional ¢: G — R satisfying the
following smoothness conditions:

(¢.1) For any v > 0, there exists A, > 0 such that

fo(t.ul]) — e(rurD] < 3o (e = 7] + ] - 1],
for any (¢, w[]), (7,7[-]) € [to,9] x D,.
(¢.2) The functional ¢ is ci-differentiable on the set G..

(¢.3) There exist instants tp < t; < ... < t; = ¥ such that,
for any n € (0, At), where At = min{¢; — t;—1,i = 1,1},
and any v > 0, the ci-gradient Vo(¢,w[]) is uniformly
continuous on the set (U'_[t;_1,t; — 1] x D,) N G..
Lemma 2. Let a functional ¢: G — R satisfy (¢.1) and
(¢.2). Then, for any v > 0, there exists Ky > 0 such that
Vo (t,wl))| < Ky, (t,wl]) € (ito,9] x D,) NG.. (16)

Proof. Let A\, be defined by v, = v+ v(d —ty) according
to (¢.1). Put Kv = 2X,. Let (t,w[]) € ([to, 9] x D,,) NG,.
If Vgp(t w[]) =0, then inequality (16) is obviously valid.
Let V(t,w[-]) # 0. Let functions Z[-], Z[-] € X (¢, w[-]) be
defined for 7 € [t, V] by the following rule:

Veo(t, w[])

A7) = wlol Vel u

Z[r] = w[0] + v(r —t)

Let 7 € [t,9]. Due to (¢.2), we have
90(7_7 jﬂ'[]) - 90(7—7 jﬂ'[])
=(¢@®Jb—w@wHD—(whf&D—w@wHD

H T—t)+o1(r—1t) —o2(r —t). (17)
-|'] € D, are valid,

= Z/HVgo (t, w[
Moreover, since the inclusions . [-], &
due to (¢.1), we obtain

(7 2-11) = @(T 2o )|<A (l#0] = whll
J=wl]]| ) <2A, VT—t) (18)

Inequality (16) follows from the relations (17) and (18), if
we divide them by (7 —t) and tend 7 to . [

In order to define players’ control strategies by the ex-
tremal shift method in the direction of V(t,w[]), this
ci-gradient should be defined not only for (¢,w[]) € G.
(see (¢.2)), but for (t,w[:]) € [to,?¥) x Lip. Therefore, let
us define a mapping ®: [tg, ) X Lip — R™ by the following
rule: if (t,w[]) € G, then ®(t,w[]) = Vo(t,w[]); if
(t,’U)H) € ([t()vﬂ) X Llp) \G*a then

(t,wl]) := lim Vop(ty, 0, [1),

where z[-] € X(¢,w[-]) and the sequence tx, k =1,2,...,1s
such that (tg, x4, []) € Gx for any k =1,2,...;t, > t+0

(19)



when k — oo; and the sequence V(tg,x¢, [-]) has a limit
when & — oo. The existence of such a sequence follows
from Lemmas 1 and 2. Moreover, using (¢.3), one can
show that the value ®(¢,w[]) does not depend on the
choice of the function z[-] € X (¢, w[-]) and the sequence t,
k=1,2,..., satisfying the conditions mentioned above.

The following properties of ® can be proved:

(®.1) For any v > 0, for the number Ky from Lemma 2,
we have
(t,wl]) €

@t w[)| < Kv, [to, 9) X D,,.

(®.2) Let t;, 43 = 0,1, and At be taken from (.3). Then, for
any 1 € (0, At) and any v > 0, the mapping & is umformly
continuous on Ul [ti_1,ti — n] x D,.
Let us consider the following players’ control strategies:
U° (t, w[]) € argmin max s(t, wl], u, v) ,
wel vEV (20)
V°(t,w[]) € argmax min s (¢, w[-], u,v),
vey u€l

where (t,w[]) € [to,?) x Lip and

s(t,w[-],u,v) = <f(t,w[~],u,v),<I>(t,w[-])>+x(t,w[-],u,v).
Theorem 1. Let a continuous functional ¢: G +— R sat-
isfy HJ equation (14) with terminal condition (15) and
the smoothness conditions (¢.1)-(¢.3). Then the control
strategies U° and V° defined by (20) are optimal, and ¢
is the value functional of differential game (1), (2).

Proof. The proof is carried out by the scheme from
Lukoyanov (2003). Let (t.,z.[]) € G. If t, = ¢, then the
validity of the theorem follows from (p.1) and (15). Let
t, < 9. In accordance with (7), (9) and (10), to prove the
theorem, it is sufficient to prove the inequalities

pu(te, 2 [ U) < (b, 2[]) < po(t, 2 [[; V). (21)
Let us prove the first one. Due to (6), we should show
that, for any ¢ > 0, there exists 6 > 0 such that the
following statement is valid. Let As be a partition (4).
Then, for the control process realization {z[-],u[:],v[]}
generated by the control law of the first player {U°, As}
and an admissible control realization of the second player
v[-], the value v = v(t*, [ [;U°, A(;;v[']) of quality index
(2) satisfies the inequality

9
v = o(esl]) + / X (& el ule], v]é]) de

* < p(ts, 2l ]) + ¢

Let X, be the set of all functions z[] € X(t.,z.[])
satisfying the following inequality for almost all t € [t., J]:

d
Ha(m[ g(t x4 )H<af 1+||$t H )
Here a is taken from (f). One can show that, due to (g),
there exist a number v > 0 such that
z[-] € D, (24)
for any t € [t., 9] and z[-] € X, where D, is defined by (3).

(22)

(23)

Let t;, i = 0,l, and At be taken from (¢.3). Denote
i« = min{i = 1,1: t. < t;}. By the continuity of x and
©, due to (24), one can choose 1 > 0 such that

’cp(t,:ct[-])Jr/x(&ms['],U[ﬂaU[é])dﬁ—w(T, wr[])] < ¢/(40),

for any t,7 € [t; —n,t; + 1] N [ts, 9], i = iy, 1, 2[] € X,,

and any admissible realizations ul-], v[].

Denote (. = ¢/(4(¥ — tp)). By the continuity of f and x,
taking (®.1), ($.2) and (24) into account, for the functions
H and s (see (13) and (20)), one can choose § € (0,7) such

that, for any x[-] € X, i = ix, 0, t,7 € [ti—1,t;] N [ts, V],
ueUandv eV, if |t — 7] <4, then

Hs(t,xt[.]’u,v) — s(T,xT[.]’u U)H < C*, 25)
| H (t, [ ], ®(t, 2e[])) —H (7, 2. [], @ (7, 2, []) ) || < ¢

Let us show that this J satisfies the statement above. Let
Ajs be a partition (4) and the control process realization
{z[-],u[],v[-]} be generated by the control law {U°, As}
and an admissible realization v[-]. Note that, according to
(f) and (23), we have z[-] € X,. Denote

wlt] = p(t i) + / (& ze[ ] ule], o[€]) d€, ¢ € [t.. 9],

So, we have w(t,] = np(t*, x*[]) and w[Y¥] = 7. Due to the
choice of §, for every i = i,,[, there exists k; € N such
that 7, € As and t; < 7, < t;+n. Set k;,—1 = 1. In
particular, we have 73, _1 = t, and 73, = 9. According to
the choice of 7, we obtain

+Z wlt; — 1

1=

_W[Tki—l])
+Z(wm |~ wlti 7 Z/lndwﬂd&w

Hence, to prove inequality (22), it is sufficient to show that

w[t] <2¢, for almost all t € [ry, ,,t;—n], i = s, 1. (26)

d
dt v
Let i =i,,l and T} be the set of all t € (7x,_,,t; —n) such
that (¢, z¢[-]) € G« and the derivatives dp(t, z¢[])/ dt and
dxft]/ dt exist By Lemma 1 and (p.1), the measure of the
set [Tx,_,,t: —n]\T; equals zero. For any t € T;, using (¢.2)
and (14), Where according to Lemma 1 and the definition
of ¢, we substitute dg(t,x¢[])/ dt and ®(t, z[-]) instead
of Org(t, z¢[']) and V(t, z.[]), respectively, we deduce

% (gﬁ(t,xt[.])) =l o1,z []) — p(t, z:[])

T—1
= aup(t. ) + {20, ot k)

= (S (ol (6l )) (1))~ H (8 1 ).

Thus, for almost all ¢t € [7y,

t; — n], we have

Sl = < (ot b)) + x(6 ] uld, ol

= s(t,ze[], ult], v[t]) — H(t, 2], @ (£, 24[])).
According to definition (20) of the strategy U° and taking

into account deﬁnltlon (13) of H, for any j = k;_1, k; and
t € 1, ] O [Tk —n), we obtain

(27)

1 17
s(Tj7x7j[~],u )

< meaxs(TJ,xT]H,

U® (75,7, (1), olt])
(%%H) v)

H(7j, w7, [], @ (75,27, 1])). (28)
From (25), (27) and (28) we conclude (26). Thus, the first

inequality in (21) is proved. Due to (f,x.2), the second
inequality in (21) can be proved in a similar way. [ |

S(T7$C ],



5. CI-DIFFERENTIABILITY PROPERTIES OF
THE VALUE FUNCTIONAL

In order to prove the next theorem, following the ideas
from Subbotin (1995) (see also Lukoyanov (2000)), we
define auxiliary characteristic complexes and establish
stability properties of the value functional of differential
game (1), (2) with respect to these complexes.
Let us define the multivalued mappings
E,(t,w[],v) = co{e(t,w[],u,v) € Ry e U},
E,(t,w[],u) = co{e(t,w[],u,v) e R"T: v eV},
(t,w[-]) eG, uwelU, vev,
where e(t,w[],u,v) := (f(t,w[],u,v), x(¢, w[],u,v)) and
the symbol ”co” denotes the convex hull of the correspond-
ing set. Using the properties of the functions f and y, by

analogy with (Subbotin, 1995, p. 126), one can show that
these mappings F, and E, have the following properties:

(E.1) For any (t,w[-]) € G, u € U and v € V, the sets
E,(t,w[-],v) and E,(t,w[],u) are convex and compact.

(E.2) For any u € U and v € V, the mappings E, (¢, w[-],v)
and E, (¢, w[-], w) are upper semicontinuous in (¢, w[-]) € G.

(E.3) For any (t,w[]) € G, u € U, v € V and (f,x) €
E,(t,w[],v) UE,(t,w[],u), we have

< oy (14 [lel]]l.):
where ay is taken from (f).

(E.4) For any (t,w[-]) € G and s € R", we have

rqlzlé)g’( (.f,X)Eg};l(rlfl7w['],v) (<s’ f> + X) = H(t7 ’LU[], 8)’
171(161%1 (f,X)Egia(fw[-],u) (<S’ f> + X) = H(t’ ’LUH, S)

For any t € [to, V], let us consider the set

t):= {z[] € Lip([t — h, 9], R): 2[¢{] =0, £ € [t — h,t]}.
For (te,z«[-]) €G and ve€V, we denote by CH,, (L, 4[], v)
the set of all pairs (x[-], 2[-]) € X (ts, z«[-]) X Z(t.) satisfy-
ing the neutral-type functional-differential inclusion

(el =t) — (olt.ail]).0)) € Bultmllo) (20
for almost all ¢ € [ts,d]. Similarly, for (t.,z.[]) € G and

u € U, we denote by CH,(t,z.[],u) the set of all pairs
x[-] € X (ty, x«[-]) X Z(t.) which satisfy the inclusion

%((w[t],z[t}) ~ (g(t.@ul1),0)) € Bu(t.ail]u)  (30)

for almost all t € [t,,¥]. Inclusions (29) and (30) are called
the upper and the lower characteristic complexes.

From the properties of the function g and (E.1)-(E.3), it
follows that the sets CH,, (ty, z.[-],v) and CHy, (t, z.[], u)
are non-empty compact subsets of Lip([t. — h, 9], R™ x R).
Taking this fact into account, one can show that, due
o (p.2) and (p.3), the value functional p° satisfies the
following stability properties:

(p4) For any (t.,z.[-]) € G and v € V, there exists
(x[], z[']) € CHy(ts, z«[],v) such that
p°(txe[]) + 2[t] < p° (£, 2. []),

(p.5) For any (t.,z.[-]) € G and u € U, there exists
(x[], z[']) € CHy(ts, 4[], u) such that

€t 9.  (31)

o (b ail]) + 28] = p° (tas2al]), t € [t 9],

Theorem 2. Let the value functional p°: G +— R of dif-
ferential game (1), (2) be ci-differentiable at a point
(ts,z«[-]) € Gi. Then it satisfies HJ equation (14) at this
point.

Proof. Let 9;p3 1= 0,p° (t+, x.[]), VoS := Vp° (ts, .[])
and € > 0 be fixed. By (E.4), there exists v, € V such that

(o ((f,Vp2) +x) > H(te, 2.[],Vpl) — /2, (32)

where E, := E,(ts, Z«,vs). Due to (p.4), one can choose
a pair (z[], z[']) € CH,(t«, wi[],v) such that inequality
(31) is valid. Taking into account ci-differentiability of p°
at (tx, x«[]), for any t € [t,, 9], we deduce

02 0° (b i) — p° (besu ) + 218

= (t=1.)0p + (wlt] = z[t.], V2) + 2[t] + 01 (t =) (33)
Since (z[], z[]) € CHy(ts, ws[-],v), there exist measurable
functions f[-]: [t., ] — R”™ and Y[]: [t., 9] — R such that

[+,
(FItL, X)) € By (t,xi]],00), te€[te,d],  (34)

€ [t«, V).

and

alt] = g(t, zl]) + @[ts] — g(ts, 2[]

/ fde¢, te

Since (t*,a:*[]) Gy, then 0rg. := 0rg(ts, x4[]) exists,
and, for any ¢ € [t., V], we have

g(t,z[]) — g(te, 2[]) = (t — t2)0g4 + 02(t — t.).
Denote

0.(t) == o1(t —t.)/(t —ts) + (02(t —
Dividing (33

(36)

te), Vp2)/ (t — ts).
) by (t — t.) and using (35), (36), we obtain

)

(ts,9].

0> 0ip; + (0rg«, Vp3) +

t
— [ Mgdero., te

Due to (E.2) and (34), for &1 = ¢/(4(||VpS]| + 1)), there
exists v > 0 such that

(Flel, xl€]) € [BL]T, € € [turtu+ 1]

Hence, using Lemma 12 from (Filippov, 1988, p. 63) and
(E.1), we obtain that, for any ¢ € [t.,t. + V], there exists
a pair ( f*[ |, x«[t]) € E. satisfying the inequalities

t
Figde-r.fe [ xaeali] <eu
t
Using these inequalities and (32), from (37) we obtain
€ >¢e/2+4 0wpg + (0:9+,Vp3) + (fo[t],Vp3) + xs[t] + 64 (t)

> 0ip% + (019w, Vp2) + H (te, .[], Vo) + 0.(1).

Letting ¢ to t, and, after that, € to 0, we conclude
atp: + <atg*7 Vp:> + H(t*af*['L vf):) <0

The inequality

0% + (0egs, Vpl) + H (t 2.[], Vp?) 2 0

can be proved in a similar way on the basis of (p.5). ®

(37)

<ey,

t—t* . t—t,



6. EXAMPLES

Consider a two-person zero-sum differential game for
the dynamical system described by the neutral-type
functional-differential equation in Hale’s form

d
te€0,3], =z[t]eR, wut],v[t] €[-1,1],
and the quality index
= 0'(1'19:3[‘]) = |x[3]’2 (39)

It is known (see, e.g., Gomoyunov and Lukoyanov (2018))
that this differential game has the value pf.

Note that, for any control realization u[-] of the first player,
there exists the control realization v[-] = u[] of the second
player, and vice versa. Therefore, the value pf(t,w[])
equals to the value of quality index (39) that corresponds
to the case when v[] = u[-]. Hence, we obtain

P2 (1wl ]) = [ (twl) )
k(twl]) = wli — 8] + (3 — wl0] — (3 — §)w[-1],
(t,w[]) €

According to (11) and (13

(40)

[i,i +1] x Lip, i=0,2.

), we have

+

G.~{(tul) € & 35 wf-1)}, Bl s) =0, (41)

where dTw[—1]/d¢ is the right-hand side derivative of the
function w[-] at the point £ = —1. One can show that the
value functional pj has ci-derivatives

Aot (t,wl]) = —2(3 — i)k (t,w[]) dTw[-1]/ dt,
Vst wl]) = 203 — Dn(t wl).
(t,w[]) € ([i,i+1) xLip) NG, i=0,2,

and satisfies HJ equation (14), terminal condition (15) and
the smoothness conditions (¢.1)—(¢.3). The corresponding
functional ® (see (19)) is defined by ®(t,w[]) = 2(3 —
1)k(t,w[-]). Thus, by Theorem 1, players’ optimal strate-
gies U° and V° can be constructed for (t,w[]) € G,
k(t, w[-]) # 0, by the formulas

vy sl o sthul])
U = g wnr ) = e wrpr
and, for (t,w[]) € G, k(t,w[-]) = 0, they can be defined,
for instance, by U°(t,w[-]) = V°(t,w[]) = 0.

As the second example, consider the differential game for
the same dynamical system (38) and the quality index

Y2 = U(:Eqs:?,[-})
The value functional of this game is

,0; (ta w[]) = |H(tv w[]) |a

where & is taken from (40). Let G. = GoUG_ UG, where
Go = {(t,w[]) € G.: w(t,w[]) =0},
Gy = {(t,w[]) € G.: r(t,w[]) > 0},
—={(t,w[]) € Gs: K(t,w[]) < 0}.

Note that the value functional p§ is not ci-differentiable on

the set G, (in particular, at the points of Gg). However, on
the sets G4 and G_, the functional p§ has ci-derivatives

= |z[3]).

Aup3 (1. wl]) =~ (3 — i) d w1/t Vp3 (1, wl]) =3 i,
( ) (Zl+1)XLlp)mG+,
@ﬁﬁwm—(—nd*}]mtvggwm:_@_m

(t,wl]) €

and satisfies HJ equation (1
statement of Theorem 2.

([i,i+1) x Lip) NG_,
4). This fact illustrates the

7. CONCLUSION

In the paper, the relationship between differential game
(1), (2) and HJIBI equation (14) with terminal condition
(15) is given. According to Theorem 1, if this equation has
a sufficiently smooth solution, then it coincides with the
value functional, and players’ optimal control strategies
are constructed by the extremal shift in the direction of
the continued ci-gradient of this solution (20). However,
under the considered conditions, problem (14), (15) may
not have such a smooth solution (see the second example
in Section 6). This leads to the necessity of considering
an appropriate generalized solution of problem (14), (15).
This is the topic of future research.
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