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1. INTRODUCTION

A mathematical model called “Goodwin oscillator” was
introduced in Goodwin (1965, 1966) and gained significant
popularity in mathematical biology (see Murray (2002);
Gonze and Abou-Jaoudé (2013); Mackey et al. (2012—
2014)). In Smith (1980, 1983) the Goodwin’s model was
applied to mathematical endocrinology, namely, to de-
scribe oscillations of hormones’ levels in the male repro-
ductive hormonal axis. The specific of endocrinological
regulation systems that involve the hypothalamus is that
hypothalamic hormones are released impulsively, governed
by ensembles of neurones. The conventional Goodwin
model does not suit properly to describe this impulsive
effect. To improve adequacy of the model Churilov et al.
(2009) proposed to substitute ordinary differential equa-
tions presented in the Goodwin’s scheme for impulsive
(functional-differential) equations used in applied math-
ematics (see Lakshmikantham et al. (1989); Bainov and
Simeonov (1993); Samoilenko and Perestyuk (1995); Sta-
mova and Stamov (2016)). In electrical engineering such
systems are known as pulse modulated (see e. g. Jones
et al. (1961); Gelig and Churilov (1998)).

The Goodwin model with time delays was studied in
a number of works Smith (1983); Cartwright and Hu-
sain (1986); Das et al. (1994); Mukhopadhyay and Bhat-
tacharyya (2004); Ren (2004); Enciso and Sontag (2004);
Efimov and Fradkov (2007); Greenhalg and Khan (2009);
Li (2015). Beginning with Churilov et al. (2012) a time
delay was introduced into the impulsive Goodwin model.
The main mathematical tool that was employed was a
construction of a discrete impulse-to-impulse map (called
the Poincaré map in the theory of hybrid systems, see
Haddad et al. (2006)). This map can also be considered
as a special translation operator along the trajectories of
a continuous-time system Krasnoselskii (1968). Poincaré
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maps preserve most of the properties of the initial system
and can be easily implemented in computer programs.
They are especially useful for finding periodic solutions
and bifurcation analysis. The basic property of a delayed
system that allows to construct Poincaré maps effectively
was called finite-dimensional reducibility. It was firstly in-
troduced in Churilov et al. (2012) and developed in a num-
ber of subsequent publications, see Churilov et al. (2013,
2014a); Zhusubaliyev et al. (2014); Churilov et al. (2014b);
Churilov and Medvedev (2014); Zhusubaliyev et al. (2015);
Churilov and Medvedev (2016); Churilov et al. (2016).

The Goodwin model with multiple delays was studied in
Liu and Deng (1991); Cao and Jiang (2011); Huang and
Cao (2015); Zhang et al. (2015); Sun et al. (2016). In
endocrine systems multiple delays describe times required
to transport hormones from one organ to another through
the bloodstream, and also times for hormones’ synthesis.
In Churilov et al. (2017) an impulsive counterpart of the
three-dimensional Goodwin oscillator was considered with
the help of an impulse-to-impulse map. In this paper the
same approach is extended to a Goodwin-like impulsive
system of a higher dimension that necessitates reworking
the proof of the main statement (Theorem 4).

2. FD-REDUCIBILITY OF A LINEAR SYSTEM
WITH TWO DISCRETE DELAYS

Let us consider a linear system with two discrete delays

v = Uyul(t), (1)
U/ = Uz’l)(t) + Glu(t — Tl) (2)
w' = Usw(t) + Gov(t — 12) (3)

for t > tg. Here Uy, Us, Us, G1, G2 are constant matrix
blocks whose sizes are p; X p1, pa X p2, P3s X p3, P2 X P1,
P3 X pa, respectively, and u(-), v(+), w(-) are functions with
vector values of dimensions p1, ps, p3.

Let us introduce a p-dimensional vector

a(-) = col{u(-), v(-), w(-)}



with p = p1+p2+ps. Then system (1)—(3) can be rewritten
in a matrix form as

x' = Agx(t) + Ayt — 1) + Asa(t — 12), (4)
where Ay, Ay, Ay are constant p X p matrices,
Uy 0 0 000 000
Ag=|0 Uz 0|, A = G1007A2:OOO].
0 0 Us 000 0G2 0

()

The initial problem for (4) can be defined as

u(t):gou(t), t()—Tl <t<t0,
’U(t):g@v(t), t()—TQ <t<t0,
w(ty) = wo,

where ¢, (+), o () are initial functions and wy is a constant
vector.

Definition 1. A time-delay linear system (4) is called
finite-dimensional reducible (FD-reducible) if for every tg
there exist a constant pxp matrix D and a positive number
7 such that any solution z(t) of (4) defined for ¢ > tg
satisfies the ordinary differential equation

x' = Dx(t) (6)

for t > tg + 7. The matrix D and the number 7T are
independent of the initial data.

Certainly, the property of FD-reducibility is rather restric-
tive, but it holds for linear systems with matrices Ay, A1,
As having a special “cyclic” structure (5).

Lemma 1. System (4) with coefficients (5) is FD-reducible
with 7 = 71 + 2 and the matrix D can be defined as

D = DO + A267D0T2 with D() = AO + AleiAOTl . (7)
Proof. Since (1) is independent of (2), (3), we have
u(t) = eVt =)y (tg), ¢ > to,
and hence
u(t — 1) = e I1u(t),

Thus (1), (2) can be rewritten as

t =ty + T71.

u = Ugu(t), v =Uy(t)+Gre U Tu(t), t>to+m.
In a matrix notation we have
2 =D,z(t), t>=tg+m1,
where
_ U 0 _ |u(®)
D= g ) 0= ®

This implies
2(t — 1) = e P=24(1),
From (3) it follows
w =Usw(®t)+ [0 Galz(t — 72)
Introduce a p3 X (p1 + p2) matrix
G.=[0 Gale P, (9)

t=>to+ 711 + 0.

Hence

2 =D, z(t),

w' =Usw(t) + G,2(t), t=to+ T+ To.
Because x(-) = col{z(-),w(:)}, (6) is satisfied with

D, 0
p-[2 2],

It is easily seen that

D. 0 —Dor e~ P2
DO = |:OZ U3:|7 € 0Tz = |: 0 e—U372:|7

which implies (7). O

Notice that

det(slp — AO — A167A0T1 — A267A0T2) = det(sI — AO)
for all complex s. Thus the spectrum of the linear system
(4) is finite and independent of 71, To.

3. IMPULSIVE MODEL WITH THREE DELAYS

In this section we consider an impulsive system whose
continuous part has the form of (4) including two discrete
delays 7, and 75. The third discrete delay 73 is incorporated
into the discrete part of the system.

We shall deal with an impulsive system
' = Agz(t) + A1z(t — 71) + Asz(t — 72),

tn <t <tpt1, (1())
o(t) = Cu(t), (11)
z(th) —z(t,)=A\B, n=0,1,..., (12)
thrl =t, + Tn> T, = q’(U(tn - 73))7 (13)

An = F(o(t, — 73)).
Assume that its matrix coefficients have specific block
forms (5) and

B =col{B,, 0, 0}, C=[0 0 Cy].
Thus B, is p1 x 1 and Cy, is 1 X p3.

(14)

Here ®(-), F(-) are continuous R — R functions with
bounds

0<‘P1<‘P()<@2, 0<F1<F()<F2, (15)

where ®,;, F;, i = 1, 2, are positive constants. In particular,
inequality ®; > 0 implies that the sequence {¢,}°2 , has
no accumulation points and ¢, — +0o0 as n — oo.

As previously, z(-) = col{u(-), v(-), w(-)}. Thus equation
(10) can be rewritten as (1)—(3). Then o(t) = Cypw(t).
Evidently, only the function w(t) has jumps

u(t) —u(t,) = A\ Bu, (16)
while the functions v(t), w(t), o(t) are continuous. For-
mulas (11)—(13) describe an amplitude-frequency pulse
modulation with a modulating signal o(t) (see Gelig and
Churilov (1998)). The right-hand side of system (10) has
jumps at the points t,, t, + 71, t, + 72, n = 0, while in the
time intervals between these points system (10) is linear.

System (10)—(13) is subject to initial conditions given by

the continuous initial functions ¢, (), ¢, (), @w(-). More
precisely,

U(t):@u(t), to*Tl <t<t0,
v(t) = pu(t), to—72 <t <o,
w(t):<pw(t)7 to—Tg gtgto,

To = @(Cuwipw(to — 73)); Ao = F(Cupu(to — 73))
and u(td) —u(ty) = AoBu. Notice that the values of ¢, ()
inside the interval tg — 73 < t < tg do not influence the
solution and can be chosen arbitrarily.

We will use notation (7), (8) for z(-), D., G, Dy, D
introduced in the previous section.



The following two assumptions are made with respect to
the time delay values:

Oy > 1+ 7+ T3 (17)

The second inequality in (17) implies that the lower bound
for the length of a sampling interval

T2 > T1,

T, >11+7+ 73 (18)
for all solutions and all n > 0.
For D given in (7) introduce a row vector
C=Ce P, (19)

Introduce the shorthand notation Z, = z(t,,).

Lemma 2. Under assumption (17) the formulas for T,,, A\,
n (13) can be rewritten for n > 1 as

T, = ®(Cxy), An=F(Cty),
where C is defined by (19).

(20)

Proof. As proved in Lemma 1, the continuous part of the

system given by (10) is FD-reducible for ¢ > 71 +75. Hence

x(t) satisfies

¥ =Dx(t) for t,+7mi+72<t<tpi1, n=01,2....
(21)

It follows from (18) that ¢, — 73 > t,—1 + 71 + 72 for all

n > 1. Then (21) implies z(t,, — 73) = e~ P™%,,. Thus

Cx(t, —13) = Ce Pz, =Cz, n=12....

Then for n > 1 the expressions in (13) can be rewritten as
(20). O

for all

Finally, notice that the next statement can be obtained
immediately.

Theorem 3. Under supposition (15) the following proper-
ties of system (10)—(13) are valid.

(i) System (10)—(13) has no equilibria.

(ii) Let the matrices Uy, Us, Us be Hurwitz stable. Then
for any solution of (10)—(13) the Euclidean norm ||z(t)]| is
bounded for ¢ > tg.

(iii) Assume that the matrices Uy, Us, Us are Metzler, i. e.
all their nondiagonal elements are nonnegative. Suppose
that all the elements of the matrices Gi, G2, B, are
also nonnegative. Then system (10)—(13) is positive (see
Luenberger (1979)). This means that if the initial functions
©u(*)s ©u(+), @uw(-) are elementwise nonnegative, then all
the components of z(t) are also nonnegative for t > tg.

4. REDUCTION TO A DISCRETE-TIME SYSTEM

In this section we will obtain explicit formulas for the
solutions of (10)—(13).
For brevity introduce notation
t:;:tn‘i‘Th fn:tn+T27
From (17), (18) it follows that
ty < U5 <ty <t <tpyi.
Theorem 4. For t > t; any solution of (10)—(13) satisfies
a delay-free equation
' = Da(t) — (D — Ao)a(t) — (D — Do)B(t).  (22)
Here on every interval t,, <t < t,41, n > 1, the functions
a(t), B(t) are defined as

t:;* =1, + 711 + To.

Ag(t—tn *
a = (B 29)
) " n+1,
0, t, <t <ty,
B(t) = { ApePot—tedomp ¢ <y < (24)
0, ty <t <tpgi.

Proof. The proof of Theorem 4 is lengthy and is given in
Appendix.

Theorem 4 is the key result of this paper. Equations
(22), (23), (24) present a reduction of the initial impulsive
system with delays to delay-free equations, however only
for t > t4.

By integrating (22) we can get explicit formulas for z(t).

Corollary 1. Any solution (¢,,z(t)) of (10)—(13) obeys for
all t,, <t <tpy1, n > 1, the following relationships

z(t) =Ptz + X,0(t)B (25)
where
eAo(t=tn) ty <t < 1),
O(t) = { ePolt—t2)gAom <t <t (26)

D(t—th*)eDoTz er'rl , ¢

e <t < tpyr

Proof. From Theorem 4 it follows that any solution
(tn,z(t)) of (10)—(13) obeys the delay-free equation (22).
Let us demonstrate that by integrating (22) we will come
o (25).

Case (i). Let ¢, < t < ¢}. Theorem 4 yields (22) with
a(t) = A=t B B(t) = 0. Obviously, o/ = Agal(t).
Introduce a difference y(t) = x(t) — a(t). From (22) it

follows
"=D ty <t <t,
+y y(t), (27)
y(tr) = a(ty) = AnB = Tn.
Integrating (27), we obtain
y(t) =Ptz 1, <t <tr.

Since z(t) = y(t) + a(t), we come to the first case in (25),
(26). Notice that by setting ¢t = ¢ from the first formula
of (26) we have

x(ty) = Pz, + A\,e0 B,

n

(28)

Case (ii). Let ¥ < t < t*. From Theorem 4 we obtain
(22) with a(t) = 0, B(t) = \,ePot=tn)e4o™ B, Hence

B''=DoB(t), B(t;) = Ae™™B. (29)
From (22), (28) and (29) we conclude that the difference
y(t) = z(t) — B(t) satisfies
"=Dy(t), ti<t<tr,
v (30)
y(tr) =e""x,.

Integrating (30) and using z(t) = y(t) + B(t), we get the
second case in (25), (26). Moreover, we have

w(t¥) = Ptz 4 ) ePom2edoni B, (31)
Case (iii). Let t5* <t < tp41. Then 2’ = Dx(t) and
x(t) = Pt g(t), 1 <t <tpir.  (32)

From (31) and (32) we come to the third case in (25),
(26). O



It can be concluded from Corollary 1 that the dynamics
of (10)—(13) at points t,, n = 1,2,..., obey the following
discrete (Poincar’e) map.
Corollary 2. For any solution (t,,z(t)) of (10)—(13) it
holds for n = 1,2,... that

Tnt1 = Q(Tn), (33)
where i i
Q(z) = eDPe(CT) 7 4 F(C’a—;)CD(@(Cf)*Tl*Tz)CDoTQCAoTlB'

Proof. With ¢ = t,,41 formulas (31) and (32) imply

Tpy1 = eDT"‘fn + )\neD(Tn—Tl—Tz)eDoT2erTl B.

Thus (33) follows. O

Thus given two initial points Zg, Z1, the subsequent points
T2, T3,... can be found by recurrence (33). The initial
functions @y (t), @u(t), Yw(t), are necessary to calculate
the values of Ty, T1, but they do not influence further
values Z,,.

Obviously, the function Q(-) is continuous as a composition
of continuous functions. If the functions ®(-), F(-) are
smooth, then Q(+) is also smooth.

5. CONCLUSION

An impulsive delayed system whose continuous part has
a specific “cyclic” structure is considered. It is shown
that solutions of this system calculated at sampling times
(beginning with the third sample) obey a discrete-time
equation (an impulse-to-impulse map) (33) that is inde-
pendent on the initial data (Corollary 2). Additionally,
explicit formulas for solutions are provided for times taken
inside a sampling period (Corollary 1). Thus the impulse-
to-impulse map thoroughly characterizes solutions of the
continuous-time equation with time delays. The discrete-
time equation (33) can be readily explored by means of a
computer modelling (examples of such analysis are given in
Churilov et al. (2017)). The results of this paper generalize
those of Churilov et al. (2017) for a multidimensional case.
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Appendix A. PROOF OF THEOREM 4

Formulas (7) yield
Ay = (Dg — Ag)eto™,

so (10) can be rewritten as

A2 = (D — Do)eDOT2,

z = on(t) + (DO — Ao)eADTll‘(t — T1)
=+ (D — Do)eDOTz.’E(t — TQ).

With D = Ao+ (Do — Ag) + (D — Dy), the last equality is
equivalent to

' = Dx(t) — (Dg — Ag) [x(t) —efoTigp(t — 7'1)]
— (D — Do) [z(t) — ePomx(t — )] .
From the previously deduced formulas

(A1)

0 00
Dy—Ag= |Gie™ ' 0 0],
0 00
0 0
pon-[0 ]

i. e. the last columuns of these matrices are zero. Using (8),
equation (A.1) can be expressed as

a' = Da(t) — (Do — Ao)n(t) — (D — Do)é(t),  (A.2)
where
wo= "0 o= as
and
Nu(t) = u(t) — e u(t — 1), (A4)
E(t) = 2(t) — eP=m22(t — ). (A.5)
Lemma 5. Let n > 1. Then from the first formula (A.3)
we obtain
n(t) = at), t>t. (A.6)
Moreover, n(t) = 0 for t§ <t < t;.
Proof. Since
o = Upu(t), t#ty,
it follows that
u(t) = eU1=t) {u(ti), tho1 <t <tn, (A7)
u(ty), tn <t <tpt1.
Then
- u(t,), t,_4<t<t,
u(t —7) = et {ugt;‘;, " <1 b<th. (A.8)
From (A.4), (A.7), (A.8) we get
0, tr 1 <t<tp,
nu(t) = et s Sty —ulty), to <t <t
0, tr <t <tpt1.
(A.9)
Then (16), (A.9) imply
0, tr 1 <t<tp,
Nu(t) = { Mgt B -t <t <t (A.10)
0, tr <t <tptr-
Since .
eAOtB — |:€ 1OBU:|

for all ¢, the statement of Lemma 5 follows from (A.10)
and (23). O

Deduce explicit formulas for the function z(¢). Consider a
matrix A, and a vector B, defined as

_|U; 0O | Bu
a= 5 0] 2= [3]
(The number of elements in B, is p; + p2.) Recall that the
matrix D, is defined by (8).



Lemma 6. The function z(t) can be calculated as

2(t) = Pt 5 (t-) 4 X,.0.(t) B (A.11)
where
0, tr <t <tp,
0.(t) = { e=lttn), ty <t <t (A.12)

eDZ(t_t:r)eAm7 ty <t<tpt1.

Proof. Notice that w(t), £(¢) are not involved in the first
two block rows of (A.2). We have

0 0
D,—-A, = |:Gle—U1'r1 0:| :

Then the first p; +ps rows of equation (A.2) can be written
as

Y= D) - (0.~ A0, 0= "] (aas)

where 0 stands for the zero vector of dimension ps. Since
Nu(t) is defined by (A.10) and

Ust
e:tB, = [e ' Bu} for all ¢,

0
the function 7,(¢) in (A.13) takes the form of
0, ty 4 <t<tpy,
n.(t) = { \pe=CIB. -t <t <tk (A.14)
0, tr <t <tpt1.

If ¢, <t <t, then (A.13), (A.14) imply 2’ = D, z(¢).
Then the first case in (A.11) follows.

Let us consider the case t, < t < t,41. In this interval
the function z(t) is continuous, while 7, (¢) has a jump at
t =t . Evidently,

77; = A.n.(t),
Consider a difference y,(t) = z(¢)
Yo = Daga(t), tn <t <tusr, t £,
ve(t) = () — AnB: = 2(t,),
y=(th + 1) —y.(t, +711) =n(t;, +71)
=\, B,.

by <t <tpgyr, tF#L.
—1,(t). Then

- nz(ti +71)

(A.15)
Relationships (A.15) imply
ya(t) = P72 (1)
N 0, ty <t <th, (A.16)
)\neDZ(t*t;)eAleBz, by <t<tptr
Since z(t) = y,(t) +n.(t), from (A.14), (A.16) we come to
(A.11) for t, <t <tpyp. O

Consider now the calculation of £(t). Recall that the
functions &(t), £.(t) are defined by (A.3), (A.5).

Lemma 7. Let n > 1. The function £,(t) defined by (A.5)
is calculated as

E(t) = MO, (1)B., t, <t <tni1, (A.17)
where
eA=l=tn) b <t
eP=(=t)eAem o p <,
0.(t) =  eP=(-th)eA:t _ Dz A= (t=tn) (A.18)

ty <t <t8F,
0, & <t<tpis.

Proof. From (A.11) it follows that

z2(t — 1) = eDZ(t_f")z(t;) + A0, (t —12)B,, (A.19)
tn, <t < tpt1. Hence from (A.5) we have
E(t) = M (0:(t) — eP=™0.(t — 7)) B., (A.20)

t, <t < tp+1. Thus (A.20) can be represented as (A.17)
with _

0.(t) = 6.(t) —
Formula (A.12) implies
0, ty <t <tn,
eA=(t=tn) fy <t <ti,
eDZ(t_t:L*)eAm, U<t <tpir.

eDm@z(t - 7'2).

Gz(t —T2> =

Thus we obtain (A.18).

Lemma 8. Let n > 1. Then
G.L(t) = Go&.(t), tn <t <tni1, (A.21)
where
Anet=(=t) B, tn <t <t
E(t) = MpeP=t)eAm B << P (AL22)
0, U <t <tpi1.
Proof. From (A.18) and (A.22) we have
gz(t) - éz(t)
_ —)\neDmeAz(t_i“)Bz, ty <t <t:*, (A.23)
0, otherwise.
Since
Uqt
- e 0 B,

for all ¢, (A.23) implies (A.21). O

Now we can complete the proof of Theorem 4. From (A.21)
we have

w—%wW{&HF#W kﬂH%q

At the same time

ertB — |: Az tB :| Dot A0T2B [ethengsz]

for all ¢. Thus from (A.22) we have
(

(D = Do)&(t) = (D — Do)(a(t) + B(t))
and for n > 1, t > t; any solution (¢,,x(¢)) satisfies

a' = Da(t)—(Do—Ao)a(t)—(D—Do)(a(t)+5(t)). (A.24)
Let ¢, <t < t}. Then B(t) = 0. Since
(Do — Ao) + (D — Do) = D — Ay,
from (A.24) we conclude that
' = Dx(t) — (D — Ao)a(t),
Let tf <t < ¢* then a(t) = 0, so (A.24) can be rewritten

(D = Do)B(t),

Finally, let ¢5* < ¢t < t,4+1. Then the functions «(t), 5(t)
are equal to zero, so we come to (22) again. The proof of
Theorem 4 is complete.

t, <t<t.

' = Dzx(t) — tr <t<ty



