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Abstract: In this study, finite-time control of switched linear systems with interval time-delay
is considered. State feedback is applied in order to ensure finite-time boundedness of the system.
Sufficient conditions and average dwell-time bounds are obtained. Because of non-convex terms
in the average dwell-time constraint, a technique which converts the nonlinear terms into linear
matrix inequality conditions is expressed in terms of the cone-complementarity linearization
method. Finally, numerical examples are given for the effectiveness and validity of the proposed

solutions.
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1. INTRODUCTION

Switched systems are class of hybrid systems which have a
switching sequence directing the system among the finite
number of subsystems. They are used for modelling various
control problems such as network control, traffic control,
process control etc.

Stability is one of the basic research topic for switched
systems, which has attracted most of the attention in last
decades, Liberzon and Morse (1999); Sun and Ge (2005);
Sun (2006); Lin and Antsaklis (2009). Most of the studies
related to stability of switched systems focus on Lyapunov
asymptotic stability, which is defined over an infinite time
interval. However, in many practical applications, finite-
time (FT) stability of a system is the main concern, which
means keeping the system behavior/state within specified
bounds in a fixed FT interval, Dorato (1961); Michel and
Wu (1969); Weiss and Infante (1967). FT stability for
switched systems is an emerging concept in recent years,
Du et al. (2009); Xiang and Xiao (2011, 2013).

Average-dwell time (ADT) is another research topic for
switched systems. ADT means that the number of switch-
ing instants in a finite interval is bounded and the average
time between consecutive switching instants is not less
than a constant. The analysis of the switched systems with
dwell time Cheng et al. (2015); Karabacak et al. (2014);
Zhang and Shi (2009) became prominent after Hespanha
and Morse (1999). In the most of the existing literature,
a suitable Lyapunov functional is determined to obtain
an ADT bound for the stability and the stabilization of
switched systems as small as possible.

Time-delay systems have drawn attention to many schol-
ars. If both upper and lower bounds on time-delay exist,
such systems are called interval time-delay systems, Bot-
mart et al. (2011); Phat et al. (2012); Shao (2009); Shao
and Han (2012). The current methods of stabilization are
divided into two categories: delay-dependent Park (1999);
Zhang et al. (2005) and delay-independent Zhang et al.

(2007). Robust Blizorukova et al. (2001); Bustowicz (2010),
H, Fridman and Shaked (2002) and observer based con-
trol Kwon et al. (2006) problems are also examined in
time-delay systems.

This paper deals with the design of the state-feedback
controller to stabilize the interval time-delay switched
systems in FT. Some sufficient conditions and new ADT
bounds are introduced. Because of nonlinear terms in the
ADT constraint, a technique which converts the nonlinear
terms into LMI conditions is expressed in terms of the
cone-complementarity linearization method.

The notation used in this paper is fairly standard. “*”
in a matrix means to be the symmetric term of the
corresponding upper triangular element, C' is the class
of continuously differentiable functions and A.,q.(A) (re-
spectively Apin(A)) represents the maximum (minimum)
eigenvalue of A. Matrices, if not stated, are assumed to
have compatible dimensions for algebraic operations.

2. PROBLEM STATEMENT

Consider a switched linear system with an interval time-
varying delay in the state vector, where
E(t) =Aowyx(t) + Adony(t — h(t)) + Boyu(t)
+ B'wa(t)w(t)a
with the initial conditon function
l‘(t) = ¢<t)a te [_h270]' (2)
Here z(t) € R™ is the state vector and u(t) € R™
the control input, respectively. A, (), Ado(r), Bo) and
By (+) are real constant matrices of appropriate dimen-
sions, ¢(t) € C'([—h2,0],R") is the initial function and
h(t) € C*([h1, ho), R) is the delay satisfying
0 < hy <h(t) <hs, h(t) < hg <o (3
The switching signal is defined as o(t) [0,00) —
Z = {1,2,..,N} with the switching sequence ¥ =
{.130; (io, to), (il,t1), . (ik,tk), |’Lk e 7, k = 0,1,...}, i.e.

(1)
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" system is activated when t € [ty,t;41). In this paper,
the expression “Switched Systems with Stable Subsys-
tems” means that Aq, Ao, ..., Ay are all Hurwitz stable.
w(t) is the exogenous disturbance and satisfies

oo
/ w! (Hw(t)dt < d, d>0 (4)
0
Consider the control law
u(t) = —Kya(t). (5)
The closed-loop system is given as follows
E(t) =Akot)2(t) + Adory(t — h(t))
+ Buomyw(t),
where AKU(t) = Aa(t) -

(6)

Bty Ko (t)-
Lemma 1. (Schur complement) Given constant matrices
Si1, 512, Soo with appropriate dimensions satisfying
Sll = Sll and 522 = S%; and 522 < 0, the LMI S =
[SH S12 < 0 is equivalent to Sq1 +512552151T2 < 0, Boyd
and Vandenberghe (2004).
Lemma 2. (Grénwall’s lemma) If a differentiable function
¥(t) > 0 on the open interval U = (a,b) (as well as
U =la,b] or U = [a,))) and

P()u(t)

u(t) < o(t) +
u(t) < u(a)e?® + / B(s)e?O=YE)gg
for t < b where
/w
Perko (2013).
Lemma 3. (Jensen’s inequality) For any symmetric posi-
tive definite matrix M > 0, scalars a,b > 0 with b > a and

an integrable vector function z : [a,b] — R™, the following
inequality holds, Gu et al. (2003).

b T b
</ x(s)ds) M(/ x(s)ds)
< (b—a) (/b xT(s)Mx(s)ds>

Definition 1. Let N,)(t,T) denotes the switching num-
ber of the switching signal o(t) for the interval 0 <t < T.

Ny is the chatter bound. Then the following inequality
holds

then

Na(t)(th) < No + (T - t)/Ta

for so called ADT 7,, Hespanha and Morse (1999).

Definition 2. (FT Stability) Given scalars § > 0, € > 0,
Ty > 0 with 0 < 0 < € and a matrix B > 0 with
appropriate dimensions, the switched system (1) with
u(t) = 0 and w(t) = 0 is said to be FT stable with
respect to (0,6, Ty, R), if sup,e;_p, o {ac Ra(s)} < 6
then 7 (t)Rz(t) < e, Vt € [O,Tf] L1u et al. (2012).

Definition 3. (FT Boundedness) Given scalars § > 0,
e >0,Ty >0 with 0 <§ < ¢ and a matrix R > 0
with appropriate dimensions, the switched system (1)
with u(t) = 0 is said to be FT bounded (d,¢,Ty,d, R),
if SUp,e(_py0 {xT } < 5 then z7(t)Rz(t) < e,

vt € [0,TY] and Y (t fo t)dt < d, Liu et al.
(2012).

3. FT BOUNDEDNESS ANALYSIS

In this section, we suppose that Ay, As,..., 4, (1 <7 <
N) in system (1) are Hurwitz stable and the remaining
matrices are unstable. Let us define

¢7L _ {_ai Z € Ist

; 1€ Tun

where Zg; and Z,, are the index set of all Hurwitz stable
and unstable subsystems, respectively. Note that Z = Z,;U
Lun- For a given switching sequence ¥, the total activation
times of stable and unstable subsystems are defined as
T~ and T, respectively in a finite interval [0, T]. Thus,
Tf =Tt 4+T".
Theorem 4. Consider the switched system (1) with r Hur-
witz stable and N — r unstable subsystems. The system
(1) is FT bounded with respect to (4, ¢, Ty, d, R), for given
constants a; > 0, 4 > 1, TT > 0 and T~ > 0 such that
Ty =T7" 4 T, if there exist a set of symmetric matrices
for every i*" system P; > 0, Qu; > 0, Qo; > 0, Sy; > 0,
S9: > 0,T; >0, W; >0,Y;, My;, Ma;, Ny;, No; satistying

QM N, Z
x —e2Vih2 Gy, 0 0
Ti = " % 82w1h252i 0 < O (7&)
* * * -1
e2afnazT+ ng_ < )\1620[7_'”'"71_ € (7b)

P; < uP;, Qrj < pQui, Skyj < Sk, Ty < pli,
for i,j € Z and k = 1,2, where

Qi1 Q12 Qs —Nis Buwi Qe
% Qooy My —Ny 0 PAL
o * * Qgg,i 0 0 0
Qi = * * « Qi O 0 (8)
* * * x =W, Bgi
* * * * * Qg s

with entries

Q1 =A: P + Pz'AiT - B;Y; — YiTBiT + Qi + Q2
— VMG — 2y, P + T,

Q2 =Agi Py — My + Nu,
Qi3 =e2Vih G+ My,
Qe =P AT - Y B,
Qo0; =No; + Ng; — Ma; — M3,
Qg3 = — >V (Qui + S1y),
Qua; = — e2Vih2Qy,,
Qo6,i =hiS1i + hiySa; — 2P,

_ (1 _ hd)eQwihZE

Then the ADT of the switching signal satisfies
Ta >
Trlnp
—In7n, — 20t 0T+ + 20, .. T~

Ta = In(Aqe) — Nolnp
(9)
where o . = max;er, {:}, o, = miner,, {a;} and
My =Aad + Nyhae2@mast§ 4+ X e hosli2g
+ Nphje2hartn §f
+ )\%h%Q(hlemz”“hl + h12€2a;”h2)5/
+ Ahge2@mash2§ 4 Agd.

(10)



with matrix transformations

O1; =RV2Q1,RY2, Oy = RY2Q0 RV/2,
Sy; =RY28,;,RY?, Sy = RY28,RY/?,
7, =RV2T,RV/2,

Qui =P,Q1;P;, Q2 = PQy, Py,

S1i =PiS1iP;, S2i = PSP,
T; =PT;P,,

My; =P;M1;P;, My; = PiMyP;,

Ny =P;N1;P;, Naj = PN P;

(11)

and

€T

>\3 = Sup{)\m(w (Pi_léllpz_l)}7
€T

Ay =sup{Mmaz (151_16221152_1) 2
€T

)\5 = Sup{Amaz (R_lsylijji_l) }’
€T

)‘6 = Sup{Amaz (p_lg2ipi_1)}’
€T

)\7 =sup{ Az (p_lﬂpi_l)}’
€T

As =50 {Amar (W)}, &' = sup {7 () Ri(s))

hia =hy —hy, Z; =[0000 C;P; 0 0]”
M; =[My; M2; 000007, Ny =[Ny; No; 0000 0]7.

The gain matrices K; and L; of controller and observer are

perceived as

1
pcr

K, =Y,P7' L= —5 5 (12)

Proof. Consider the following Lyapunov-Krasovskii can-
didate functional as

(13)

The derivatives are obtained as follows

Vai(a(t) =« (0)[P Agi + Afe, Py
+ 20T ()P Agia(t —
+ 227 (t) P Biw(t)

Ha(t)
h(t))

Vai(x(t)) =20 Vay + 27 (£)Qy,;x(t)
—eVihigT(t — hy)Qpx(t — hy)
Vai(2(t) =24 Vai + 27 (£)Qq2(t)
— ezw"}”xT(t — h2)Qoz(t — h2)
Vig(x(t)) =20 Vi; + hia" (1) S1id(t)

_ il /tth i (3)8nsit (5)ds
Vas(alt)) <20sVe: + W™ (O5aii(1)

— il /:hl hi2d” (5)S2:(s)ds
Voi(x(t)) <20Vei + xtT_(tifix(t)

— (1 = hg)e®ih2aT(t — h(t))Tx(t — h(t))

(15)
By Jensen’s Inequality, Vi;(z(t)) can be written as
Vii(w(t)) <24 Vay(x(t)) + hiaT (£)S i (t)
— eXihigT (1) S x(t)
Spih T (T (16)
+ 2e2¥iM T (1) S 2 (t — hy)
- BzwihlfﬂT(t - hl)ghl‘(t - hl)
From (3), it is clear that —(hy — h1) < —(h2 — h(¢)) and
—(hg - hl) S —(h(t) — hl) Thus
t—hq
—hlg/ mT(s)ggzx(s)ds S
t—ho
t—h(t) B
— (ha = h(t)) / " (s)Said(s)ds (17)
t—ho
t—hq o
~(h(t) — hy) / 7 (5) s (s)ds
t—h(t)
Let ff }:L(lt) i(s)ds =: ip, (t) and ft MO 5 (s)ds =t i, (£).

Then, by Jensen’s Inequahty, (17) is ertten as follows

t—h1 _
—hlg/t h2 & (8)S2:4(s)ds (18)
< —if, (8)Saiin, (t) — i, (8)Saiin, (1)
Now, define
£(t) = [27(t) a7 (t — h(t)) &7 (t — hy) 27 (t — ha) )
w () &7 (2) iF (1) i, ()]
By Leibniz’s formula, we have
26T (DM ot~ ) = ot = h(2) — i (0] =0
(20)
26T (O 2~ A(t) — 2t = ) — ina (8] =0
Also from (6), it can be written
247 (1) P [Amxu) T Aga(t — h(t))
(21)

+ Buiw(t) - x’(t)] =0

On the other hand, for a positive definite matrix W; the
following holds



[T (OWiw(t) — w” () Wiw(t)] =0 (22)
Then, by the equations (13)-(21), we obtain
Vil (1)) — 20 Vi((t)) <€ (1) 2k (t) + w” () Wiw(t).
(23)
Here
E M —N;
Y= | x —e?Vit2gy, 0 (24)
" " _e2¢ih2§2i
fori,j € Z and k = 1,2, where
E11,i B12 Eigi — N P 'B,; AL, P!
*  Zagq; Moy —Ngoy 0 AG P!
= | * Es33: O 0 0
-t * * * E447i O 0 (25)
* * * * -W; B,Z;,ipi_l
* * * * * Z66,i

with entries
=P Agi+ A P+ Qu + Qo — 2V S,

Hi1y
- 21/)2'PZ‘71 +T’Lv
9 =P ' Agi — My; + Ny,

 m

13,0 =e2¥iM Sy, + My,
_ — T —T
B, =Ngi + Ny, — Mo — My, — (1
E33, = — 2V"(Qy; + Su),
Eaa; = — 22 Q,,
EG6,i :h%Sh‘ + h%252i — 2Pi_1
— T —T
M =[M,; M, 00000]", N; =

- hd)ezwi}uTi)

(N|, Na: 000007

By pre- and post-multiplying both sides of the Inequalities

in (24) with (25) by Dz = dzag{Pl, P,“ Pu f:)“I,I:)“F)“F)Z}7

T,; of (7a) are obtained. From (7a)
Vi(a(t)) = 2¢3Vi(a(t)) < w”

is obtained.

On the other hand, by applying Gronwall’s Lemma on

t € [tk,tk4+1) we have

Vo’(t) (x(t)) Sezwa(%)(titk)va(tk) (Z‘(tk))

t
+/ 621’/’0(%)(t_s)wT(s)Wg(tk)w(s)ds.

ty

(t)Wiw(t) (26)

(27)

Consider (7c) and assume o(t;) = i and o(t,) = j, we

have
y(@(tx)
) is applied to (2

(28)
6) until [0, 1)

Vo (2(tr)) < nVo

If Gronwall’s Lemma and (28
iteratively, we get

Va’(t) (l’(t)) SeQwo(tk)(t_tk)+-<-+2'¢'a(0)(tl_o)

x 1 Vo 0) (2(0))

t
+NN/ ' e2Vo () (E=ti)+. 4200 0) (1 —5)
0 29
x w’ ()W, 0yw(s)ds (29)

+ ...

t
b [ I (W u(s)ds
ty

By considering the activation times T~ and T+ for stable
and unstable subsystems, respectively, the inequality (29)
can be written as follows:

Vo‘(t) (x(t)) §62aimwT+_2a7—ninT,
X 1™ (Vi) ((0)) + Asd).

where N denotes the switching number of o(t) over (0, T).
Moreover,

Vo) (2(0)) =27 (0) Py y2:(0)

72%(0)351”71(5)@10(0)55(5)(15
—h1
0

(30)

_2w”(O)S$T(5)@20(0)37(3)653

o
;Ll 0 o
/hlge_%”(“)s:bT(s)SQJ(O)gb(s)dsdH
0

0
+/ hle_w"(f”S:bT(s)gla(o)g'c(s)dsdﬁ

e~ 2o 3T ()T, o)z (s)ds.
(31)

When the orders of the double integrals are changed and
the matrices in (11) are substituted, we have

Vo (0)(2(0)) =27 (0) P 2(0)

0
+/h 6727’2’“(0)8:17T(5)P_(%J)Q10(0)Pa_(é)z(s)ds
—ni

0

+ A O a(o Q2000 P g(o) x(s)ds

/ / hie” 29500y
h1 hl

( )P (0)510(0 (0)

—hy
+ / / h126_2w”(0)s
—hz h2

( )P, g(o SQU(O)P 7 @(s)d0ds

/ / hise™ 2950y
h1

( ) 0—(0 520(0 (

0
+/ e 2o u T ()P4 T 0) Py (s)ds.
h(0)

i(s)d0ds

Z(s)dfds

From (11), each matrix can be bounded as

P06 Q100 Prioy =R Py, Qio0) P O)R i

S)\maz( )Qlo(O)P )R < )\/ R.
Also, note that
sup  {e e} < sup {e o) = 2Omazht
s€[—h(0),0] s€[—h1,0]
Sup {6—21,/10(0)5} :eQQ;;ath
s$€[—h2,0]

(32)

Here, an upper bound for V, ¢ (0) can be written as follows



V,0)(z(0)) <A26 + Ay e2@manti § 4 N, hope2Omazh2 5
+ )\éh?@an‘“‘hl 5/

(33)
+ )\/ h2 (h162a$a7h1 + h1262°‘;ﬂmh2)5’
+ Nyhae? O hasha g,
Since,
Voo (a(t) 2 a” ()P a(t) = T () RV2P RV (1)
=i (Amin@l)) 27 (t) Ra(t) (34)

= Mz? (t)Rx(t).

By the equations (30), (33) and (34) the inequality
2T (t)Rx(t) < e is obtained, which tells that the switched
system (1) is FT bounded. Then, for u = 1 the inequality
in (7b) and for g > 1 the ADT bound in (9) are calcu-
lated. O

Remark 1. Note that the condition (7b) contains the con-
stants A1, A2, A5, A}, AL,AG, AL and As. The existance of
these constants depends on the solutions of the following
inequalities

AII < pi_l < AQI
0< P7rQuP ™t <M\, 0< PTQuiPt < NI
0< PlSuPt < NI, 0< Pl Sy Pt < A
0< PLPT < MoI, 0 < Wi < Asl.

For more details see Lin et al. (2011).

(35)

To solve the inequalities in (35), it is necessary to put
them into LMIs form. Thus, consider 0 < P 1Qu <

NI, write it as =M1 + P 'Q P! < 0 and use Schur
Complement

XN Pt Y

i < 3 vl <
{ . O <0 = P <0 (36)
where J; := ]5[1 and Ey; := inl (or equivalently Jipi =1

and E“—Qu = I). By applying same procedure to the other
nonlinear inequalities from (35) and defining the matrices
E2z, Fl,, F5; and G; for the matrix inverse approximates
of ng Sh, Sg, and Tl, the following inequalities can be
stated in terms of cone-complementarity algorithm given
in El Ghaoui et al. (1997).

MI<J;i<Xal, 0< [1’? ﬂ |

g evos o £
o[ 4]
o fseesfid)
¥ ] <oos [ 4]
] soos [l )

0 <W; <Asl,

Algorithm 1. This algorithm is derived for Theorem 4.
e Step 1: Find a feasible set

0 0 0 0 0 0 0 0
(Pz aQ1i7 2;7511752wT E1i7E2iaF1i7F2iaGiv
0 0 0 0 0
Wi 771' 7M1i7M2i7N1iaN2i)

satisfying the inequalities in (7a), (7b), (7¢) and (37).

Set k= 0.
e Step 2: Solve the following LMI problem for the
variables
(P, Qui, Q24,515 S2i, Ti, Jiy Evi, Eai, Fui, Fai, G,
Wi, Tj, Myi, Ma;, N1j, No;)

according to the following minimization problem
minimize tr < > " JEP + JiPF + BfQu + EnQf
i€
+ E5Qoi + EiQ5; + Ffi51 + FuSt;
+ FESo; + Fo S5 + GFT + Gﬁf)
subject to (7a), (7b), (7c) and (37)

e Step 3: If a stopping criteria is satisfied, then exit.
Otherwise, set
bk _ D Ok — . Ok — .. &k _ & &k _ &
P P“ le lea QQi - Q2z» Sli - Slza Szi - 522,
TF =1, JF = J;\ BY; = Eui, EY; = Ea,

Fu = Fliani = F2727G§ = Gi

and set k = k+ 1 and go to Step 3.
4. NUMERICAL EXAMPLES

A numerical example is presented in order to show the
effect of the Algorithm 1.
Example 1. Consider the switched system with time delay
(1) with two subsystems

o4 0 _[-16 0
A= 0 —0.34} A2 = { 0 —0.14}7
[—0.06 0 -0.03 0
An = | 0.06 —0.03} A = [—0.69 —0.12} ’
0.4 0.3 0.1 0.15
B = _0.1} » B2 = {0.15] » Bur = {0.4] » Buz = {03} '

Note that, A; is Hurwitz unstable and As is Hurwitz
stable. The activation times of the unstable and unstable

subsystems are chosen as T+ = 0.6 and T~ = 1.4,
respectively. The constants
Y1 = 0.5, Yo = —0.05, hy =0, he =0.1, hg = 0.01,

R=1 6=4,6§ =4, e=25 p=1.01, d=0.01,
Ty =2, Ng=0.
are chosen and by Algorithm 1, we get a feasible solution
with controller gains
K, =[1850.6 388.3], Ky =
with the ADT 7 = 0.2180.

[—662.5 1760.7]

5. CONCLUSION

This paper investigates the FT boundedness of the
switched systems with interval time-delay and distur-
bances. Based on a state-feedback controller, some suf-
ficient conditions are obtained for systems vector. Due



to the nonconvex elements on these conditions, a cone-
complementarity linearization is made. Number of nu-
merical examples exhibit better results with the designed
method.
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